The "quantum walk" has emerged recently as a paradigmatic process for the dynamic simulation of complex quantum systems, entanglement production and quantum computation. Hitherto, photonic implementations of quantum walks have mainly been based on multipath interferometric schemes in real space. We report the experimental realization of a discrete quantum walk taking place in the orbital angular momentum space of light, both for a single photon and for two simultaneous photons. In contrast to previous implementations, the whole process develops in a single light beam, with no need of interferometers; it requires optical resources scaling linearly with the number of steps; and it allows flexible control of input and output superposition states. Exploiting the latter property, we explored the system band structure in momentum space and the associated spin-orbit topological features by simulating the quantum dynamics of Gaussian wavepackets. Our demonstration introduces a novel versatile photonic platform for quantum simulations.
INTRODUCTION
First proposed by Feynman about 30 years ago (1) , the simulation of a complex quantum system by means of another simpler and wellcontrolled quantum system is nowadays becoming a feasible, although still challenging, task. Photons are a reliable resource in this arena, as witnessed by the large variety of photonic architectures that have been introduced hitherto for the realization of quantum simulators (2) . Among simulated processes, the quantum walk (QW) (3) is receiving wide interest. A QW can be interpreted as the quantum counterpart of the well-known classical random walk. In its simplest, discrete, and onedimensional (1D) example, the latter is a path consisting of a sequence of random steps along a line. At each step, the walker moves forward or backward according to the outcome of a random process, such as the flip of a coin. When both the walker and the coin are quantum systems, we obtain a QW. The final probability distribution for the walker position shows marked differences with respect to the classical process, due to interferences between coherent superpositions of different paths (4) . It has been demonstrated that this quantum process can be used to perform quantum search algorithms on a graph (5, 6 ) and universal quantum computation (7, 8) . Moreover, it represents a versatile approach to the simulation of phenomena characterizing complex systems, such as Anderson localization in disordered media (9) and energy transport in chemical processes (10) . The coin-walker interaction, for example, gives rise to fascinating analogies with quantum effects arising from spin-orbit coupling: recently, it was demonstrated that discrete QWs can simulate all classes of topological phases in 1D and 2D (11) , and topologically protected bound states have been observed at the interface between regions with different topologies (12) .
In the last decade, implementations of QWs in 1D have been realized in a variety of physical systems, such as trapped ions (13, 14) or atoms (15) , nuclear magnetic resonance systems (16) , and photons, using both bulk optics (17) (18) (19) and integrated waveguides (20) (21) (22) . Remarkably, only a few photonic simulations of multiparticle QWs have been reported, using two-photon states (9, (20) (21) (22) or classical coherent sources (23) . In photonic architectures, different strategies can be adopted, according to the optical degrees of freedom exploited to encode the coin and the walker quantum systems. In 2010, Zhang et al. proposed a novel approach for the realization of a photonic QW, based on the idea of encoding the coin and the walker in the spin angular momentum (SAM) and in the orbital angular momentum (OAM) of light, respectively (24) . A possible implementation of the same idea in a loop-based configuration has been also analyzed (25) . These theoretical proposals put forward, for the first time, the possibility of implementing a photonic walk without interferometers, with the whole process taking place within a single light beam (we refer here to "real-space interferometers," relying on optical path splitting, as any kind of wave propagation involves some form of modal interference). To obtain this result, these schemes rely on the spin-orbit coupling occurring in a special optical element called q-plate (QP) (26) , whose action will be discussed later on. Here, we implement experimentally the proposal by Zhang et al., thus demonstrating the first photonic QW occurring in a single light beam and using the OAM degree of freedom of photons as discrete walker coordinate [we notice that, although the QW realized in (19) and (23) involves only inner degrees of freedom of a single light beam, its actual implementation still relies on splitting the beam in a spatial interferometer]. We demonstrate both the QW of single photons and that of two indistinguishable photons, thus highlighting the role of multiparticle quantum interferences. As we will discuss further below, this novel implementation has potential advantages in terms of stability and scalability. Moreover, in contrast to most current integrated-optics approaches, it allows one to dynamically vary the Hamiltonian system and to measure the whole evolution step by step (not only the final output) without changing the experimental setup. Finally, a very important feature of this QW implementation is the possibility of flexibly preparing arbitrary superpositions or "delocalized" initial states of the walker by exploiting standard holographic optical devices (or, conversely, to make a full quantum tomography of the delocalized output quantum state). As a specific demonstration of this feature, we experimentally verified the band structure characterizing a QW; we prepared Gaussian wavepackets of a photon in OAM space, for different values of the average linear quasi-momentum, and observed their free quantum dynamics, governed by the underlying band dispersion relations and the associated topological spin-orbit features (11, 27, 28) .
RESULTS
QW in the OAM space of a photon In the quantum theory framework, a discrete QW typically involves a system described by a Hilbert space ℋ obtained by the direct product ℋ c ⊗ ℋ w of the coin and the walker subspaces, respectively. In the simplest case, the walker is moving in a 1D lattice and, at each step, has only two choices. Accordingly, the subspace ℋ c is 2D, whereas ℋ w is infinitedimensional; they are spanned by the vectors {|↑〉 c , |↓〉 c } and {|x〉 w , x ∈ ℤ}, respectively (in the following, subscripts c and w will be omitted for brevity whenever there is no risk of ambiguity). Alternatively, the walker state can be described in terms of its quasi-momentum k, which is defined in the first Brillouin zone k ∈ (−p, p). The relation between the two representations is given by the discrete Fourier transform, that is, jk〉 ¼ ð1= ffiffiffiffiffi ffi 2π p Þ∑ x e −ikx jx〉. The momentum representation provides the framework to analyze the effective band structure of the QW system, as will be discussed later on. The displacement of the walker at each step of the process is realized by the shift operator Ŝ
where the operators L ˇ þ − shift the position of the walker, that is,
The displacement introduced by Ŝ is conditioned by the coin; when this is in the state |↑〉, the walker moves up, and vice versa. As a consequence, the operator Ŝ entangles the coin and the walker systems (27, 29) . Between consecutive displacements, the "randomness" is introduced by a unitary operator T ˇ a cting on the coin subspace, as generally given by T ˇ | ↑〉 = a|↑〉 + b|↓〉 and T ˇ | ↓〉 = b*|↑〉 − a*|↓〉 (up to a global phase), with a,b complex numbers such that |a| 2 + |b| 2 = 1; for an unbiased walk, |a| = |b| = 1/ ffiffi ffi 2 p . A single step of the walk is described by the step operator
where Î w is the identity operator in ℋ w . After n steps, the system initially prepared in the state |y 0 〉 evolves to a new state
In the momentum representation, eigenstates of the operator Û have a simple expression (11, 27) , given by |k, s〉 = |ϕ s (k)〉 c ⊗ |k〉 w with eigenvalues e -iw s (k), where s ∈ {1, 2}. The dispersion relation of quasi-energies w s (k) shows two gapped bands associated with the coin eigenstates |ϕ s (k)〉, whereas the parametric dependence of the latter states on k defines the QW topological structure (28) . A more detailed analysis of these QW properties is provided in the Supplementary Materials.
Consider now a photon and its internal degrees of freedom represented by the SAM and the OAM. In the limit of paraxial optics, these two quantities are independent and well defined; the first is associated with the polarization of the light, whereas the second is related to the azimuthal structure of the optical wavefront in the transverse plane (30) . The SAM space is spanned by vectors {|L〉, |R〉}, representing left circular and right circular polarizations. The OAM space is spanned by vectors |m〉 with m ∈ ℤ, which denote a photon carrying mħ of OAM along the propagation axis, where ħ is the reduced Planck constant, and having a correspondingly "twisted" wave function (see Fig. 1 ).
In our implementation, the coin and the walker systems are encoded in the SAM and the OAM of a photon, respectively. In particular, the spatial walker coordinate x is replaced by the OAM coordinate m. The concept of a QW in OAM within a single optical beam is pictorially illustrated in Fig. 1 . The step operator Û is realized by means of linear optical elements. In the coin subspace, the unitary operator T ˇ c an be implemented by birefringent plates, such as quarter-wave plates (QWP) and/or half-wave plates (HWP). In particular, we used only wave plate combinations giving rise to unbiased QWs. The shift operator Ŝ is realized by a QP, a recently introduced photonic device that has already found many useful applications in classical and quantum optics (26, (30) (31) (32) (33) . The QP is a birefringent liquid-crystal medium with an inhomogeneous optical axis that has been arranged in a singular pattern, with topological charge q, so as to give rise to an engineered spin-orbit coupling in the light crossing it. In particular, the QP raises or lowers the OAM of the incoming photon according to its SAM state, while leaving the photon in the same optical beam, that is, with no deflections or diffractions. In the actual device, the radial profile of the photonic wave function undergoes a small alteration, which however can be approximately neglected in our implementation, as discussed in the Supplementary Materials. More precisely, the action of a QP can be generally described by the operator
where q is the topological charge of the QP, and d is the optical birefringent phase-retardation (26, 30) . Whereas q is a fixed property of the QP, d can be controlled dynamically by tuning an applied voltage (34) . As shown in Eq. 3, the action of the QP is made of two terms. The first, proportional to cos(d/2), leaves the photon in its input state. The second, proportional to sin(d/2), implements the conditional displacement of Eq. 1, but also adds a flip of the coin state. The latter effect can be compensated by inserting an additional HWP. When d = p ("standard" configuration), the first term vanishes and the standard shift operator Ŝ is obtained. When d = 0, the evolution is trivial (the walker stands still), whereas for intermediate values 0 < d < p, we have a novel kind of evolution: besides moving forward or backward, the walker at each step is provided with a third option, that is, to remain in the same position. We refer to this as a "hybrid" configuration because it mimics a walk with three possible choices, although the coin is still 2D. Similar to an effective mass, the d parameter controls the degree of mobility of the walker, ranging from a vanishing mobility for d = 0 to a maximal mobility (not taking into account the effect of the coin) for d = p.
Single-photon QW with localized initial state In our first experiment, the step operator Û is implemented by a sequence of a QWP, a QP, and a HWP. The QPs have q = 1/2, so as to induce OAM shifts of ±1. Because of reflection losses (mainly at the QP, which is not antireflection-coated), each step has a transmission efficiency of 86% (but adding an antireflection coating could easily improve this value to >95%). The n-step walk is then implemented by simply cascading a sequence of QWP-QP-HWP on the single optical axis of the system. In the implemented setup, the linear distance d between adjacent steps is small compared to the Rayleigh range z R of the photons, that is, d/z R ≪ 1 (near-field regime), so as to avoid optical effects that would alter the nature of the simulated process; a detailed discussion is provided in the Supplementary Materials. The layout of the apparatus is shown in Fig. 2 . A photon pair is generated by spontaneous parametric down-conversion (SPDC) in the product state |H〉|V〉, where H and V stand for horizontal and vertical linear polarization (see the caption of Fig. 2 for details). To carry out a single-particle QW simulation, we split the two input photons with a polarizing beam splitter (PBS); the Hpolarized photon only enters the QW setup after being coupled into a single-mode optical fiber (SMF), which sets m = 0. At the exit of the fiber, the initial polarization of the photon is recovered using a QWP-HWP set (not shown in the figure) . The V-polarized photon, reflected at the PBS, is sent directly to a detector and provides a trigger, so as to operate the QW simulation in a heralded single-photon quantum regime. The photon entering the QW setup is initially prepared in a separable state |y 0 〉 = |ϕ 0 〉 c ⊗ |y 0 〉 w . A computer-generated hologram displayed on a spatial light modulator (SLM 1) is used to prepare the walker initial state in a generic superposition of OAM states (35, 36) in H w (see the Supplementary Materials for details). After the SLM 1, the coin is prepared in the state |ϕ 0 〉 c = a|L〉 + b|R〉, where the two complex coefficients a and b (with |a| 2 + |b| 2 = 1) can be selected at will by a QWP-HWP set (apart from an unimportant global phase). The photon then undergoes the QW evolution and, at the exit, is analyzed in both polarization and OAM so as to determine the output probabilities. Details on projective measurements in OAM are given in the Supplementary Materials.
In the already mentioned first set of experiments, we carried out QWs with single photons prepared in the localized state m = 0 on the OAM lattice, with varying SAM input states. In Fig. 3 , we report the experimental and predicted results relative to a four-step QW, for two possible input polarization states, and both in the standard and hybrid configurations (two additional input polarization cases are given in fig. S3 ). To evaluate quantitatively the agreement between measured and predicted probability distributions, P(m) and P′(m), we also com-
The values we obtain in the various cases are given in the figure captions.
Simulation of wavepacket dynamics in OAM space
Next, exploiting the possibility to control the walker initial state, we investigated the QW evolution for states with a given quasi-momentum k, thus probing the dispersion relation of the effective band structure of our QW system and its associated topological structure (for the standard case with d = p). A similar approach was used to simulate the evolution of a multiband Bloch particle in a time-dependent field, by shining an engineered waveguide array with classical coherent light (37) [see also (38) for a review on discrete-waveguide lattice effects].
Controlling the quasi-momentum of delocalized quantum states is crucial for carrying out quantum simulations of Bloch-particle dynamics, as shown for instance in (39) .
2 is a Gaussian Fig. 2 . Experimental apparatus for single-photon QW experiments. Frequency-doubled laser pulses at 400 nm and with 140-mW average power, obtained from the fundamental pulses (100 fs) generated by a titanium:sapphire source (Ti:Sa) at a repetition rate of 82 MHz, pump a 3-mmthick nonlinear b-barium borate crystal (BBO1) cut for type II SPDC (see main text for a definition of all acronyms). Photon pairs at 800 nm generated through this process, cleaned from residual radiation at 400 nm using a long pass filter, pass through an HWP and the BBO2 crystal (cut as BBO1, but 1.5 mm thick) to compensate both spatial and temporal walk-off introduced by BBO1. Next, the two photons are split by a PBS; one is sent directly to the avalanche single-photon detector (APD) D1, whereas the other is coupled into an SMF. At the exit of the fiber, the photon goes through N identical subsequent QW steps (N = 5 in the figure), is then analyzed in both polarization and OAM, and is finally detected with APD D2, in coincidence with D1. Before entering the first QW step, an SLM 1 and an HWP-QWP set are used to prepare the photon initial state in the OAM and SAM spaces, respectively. At the exit of the last step, the polarization projection on the state |f f 〉 c is performed with a second HWP-QWP set followed by a linear polarizer (LP). The OAM state is then analyzed by diffraction on SLM 2, followed by coupling into a SMF. The projection state |y f 〉 w corresponding to each OAM eigenvalue m was thus fixed by the hologram pattern displayed on SLM 2. Before detection, interferential filters (IF) centered at 800 nm and with a bandwidth of 3.6 nm were used for spectral cleaning. As shown in the legend, a single QW step consists of a QWP (optical axis at 45°from the horizontal), a QP with q = 1/2 (axis at 0°), and an HWP (axis at 0°); the HWP was not included in the wavepacket and two-photon experiments.
envelope in OAM space, and |ϕ s (k 0 )〉 c (with s = 1, 2) is the polarizationcoin part of the step-operator eigenstate (11) . The associated quasimomentum has a Gaussian distribution centered on k 0 (incidentally, the average quasi-momentum k 0 corresponds also to the average azimuthal angle in real space for the optical field distribution within the beam). When A(m) is a slowly varying envelope, these wavepackets are expected to propagate on the 1D lattice with only minimal shape variations and with a speed given by the group velocity V s ðk 0 Þ ¼ ðdw s =dkÞ k¼k 0 . States belonging to different bands, which correspond to orthogonal polarization eigenstates, propagate in opposite directions, that is, V 1 (k 0 ) = -V 2 (k 0 ), highlighting the strong spin-orbit coupling of this system (see Supplementary Materials for more details).
In Fig. 4 , we report the experimental "real-time" (that is, step-bystep) observation of these propagating packets for a five-step QW. These data refer in particular to the band s = 1, with k 0 = p and k 0 = p/2, corresponding to maximum and vanishing group velocities, respectively, with a step operator implemented by a QP plus a QWP. Next, we proceeded to explore the whole irreducible Brillouin zone by varying the average quasi-momentum k 0 in steps of p/8 across the (0, p) range. At each value of k 0 , in order to obtain a single wavepacket propagation, the SAM input state must be prepared in the eigenstate |ϕ 1 (k 0 )〉, corresponding to a specific elliptical polarization. As a result of the so-called sublattice or chiral symmetry (11), the corresponding SAM (or coin) eigenstates of these wavepackets describe a maximum circle in the Poincaré polarization sphere, as illustrated in Fig. 5A . The number of full rotations of the vector |ϕ 1 (k)〉 on the sphere, as k varies from -p to p, is a topological property of the QW system. In our case, we observe a single full rotation (we actually see half a rotation, as we tested only half of the Brillouin zone), thus verifying the topological class of our system. Other topological QW phases could be realized by modifying the QW step operator Û, as discussed in (11) . We then determined the group velocity of these wavepackets by measuring the mean OAM exit value after five steps, as shown in Fig. 5B . The whole OAM distribution for some of these points is also shown in Fig. 5 (C to G) .
Finally, the behavior of a wavepacket whose coin is prepared in the superposition state (|ϕ 1 (k 0 )〉 + |ϕ 2 (k 0 )〉)/ ffiffi ffi 2 p was also investigated. As a result of the spin-orbit coupling, the wavepacket splits into two components propagating in opposite directions, as shown in Fig. 5H . In this example, the QW clearly leads to the generation of entanglement between the SAM and OAM degrees of freedom. The large average OAM separation obtained between the two wavepacket components implies that the obtained final photon state can be interpreted as a Schrödinger "cat state" in OAM space.
Two-photon QW
The experiments discussed above were carried out in the heralded single-photon regime. Although the latter is a quantum regime, it behaves equivalently to a classical one, as the resulting probability distributions are identical to the intensity distributions that would be obtained using classical (coherent) light. However, the OAM QW platform introduced in this work is also immediately suitable for simulating multiparticle quantum processes, for which quantum interferences cannot be reproduced classically.
To provide a first demonstration of this additional feature, we investigated the simultaneous QW of two identical photons. In this case, both photons generated in the SPDC process were sent to the QW setup, after adjusting their input polarization state to |R〉|L〉, selected as a typical case. At the exit of the QW cascade, we split the two photons with a beam splitter (BS) and analyzed them in both polarization and OAM, so as to obtain their joint probability distribution (see fig. S4 for the experimental layout). In Fig. 6 , the results relative to a three-step QW with localized OAM input m = 0 are reported and compared with the theoretical predictions obtained for indistinguishable photons (while taking into account the effect of the final beam splitter), hereafter labeled as "indistinguishable-photon theory" (IPT). The two distributions show a good quantitative agreement, as confirmed by their similarities being higher than 95% (see figure captions for details). These similarities are defined as in the single photon case, with the index m replaced by the pair of OAM values (m 1 , m 2 ). The predicted distributions for the case of distinguishable photons (DPT) are also shown for comparison to highlight the role of two-particle interference in the final distributions. The similarities of the data with the DPT distributions are significantly lower. However, the similarity is not a very sensitive test, because it tends to remain high even for fairly different distributions. Hence, we also computed the "total variation distance" (TVD; defined as the sum of the absolute values of all probability differences divided by two) for the two cases. In the standard case, the TVD of the experimental distribution with the IPT one is 6.5 ± 0.9%, to be compared with the TVD of 16.5 ± 0.9% for the DPT model. In the hybrid case, the TVD with the IPT is 13.5 ± 0.7%, to be compared with 21.1 ± 0.7% for the DPT. These values confirm that two-photon interferences are present in our experiment. We ascribe the residual discrepancies between the observed distributions and the IPT quantum predictions to systematic errors arising from imperfect alignment of the setup. On the other hand, it is also possible to demonstrate a quantum behavior in the observed distributions independently of any specific model for the photon propagation in the QW system, so as to be insensitive to alignment imperfections or other kinds of systematic errors. As discussed in the Supplementary Materials, this is accomplished by testing the violation of certain characteristic inequalities that constrain any possible correlation distribution obtained with two classical light sources instead of two photons (20) , or with two distinguishable photons. The measured distributions indeed violate these inequalities by several SDs, as illustrated in the Supplementary Materials (figs. S6 and S7). This proves once more that the measured correlations must be quantum and that they include the effect of multiparticle interference.
DISCUSSION
In this article, we have demonstrated a single-and multiphoton QW simulator based on single beam propagation through linear optical devices. The realized architecture is efficient and stable. Moreover, in contrast to other photonic QW implementations, the number of optical components employed scales only linearly with the number of steps, because at each step all OAM values are addressed simultaneously by a single optical element, whose transverse extension remains constant. It must be noted, however, that this advantage in scaling remains valid only as long as the entire QW takes place in the optical near-field, where the beam cross-section size will remain approximately constant, whereas in the far-field, the transverse size of the optical components will have to increase with the OAM range (see the Supplementary Materials).
An important advantage of this platform is the possibility to prepare the walker initial state, even if extended over many lattice sites, with high accuracy and flexibility. We exploited this feature to investigate the effective band structure of QWs, demonstrating the propagation of Gaussian wavepackets for different points in the Brillouin zone and exploring the associated topological structure arising from the spin-orbit coupling. For a certain initial state, the wavepacket is split in two by the QW evolution, leading to a quantum "Schrödinger cat state" in OAM. In prospect, it will be very interesting to simulate the quantum propagation of extended states of two (or more) photons, possibly entangled to each other, such as those naturally generated in the SPDC process. Moreover, engineering the initial state of the walker is a possible strategy for the simulation of complex QW dynamics through the combination of suitable delocalized initial conditions plus a standard QW evolution; a theoretical proposal was reported recently for the case of "driven QWs" (40) .
A current limitation of our approach is that the walk evolution cannot be position-dependent (that is, OAM-dependent), in contrast to other implementations (9, 23) . This limitation could be overcome in the future by introducing additional optical elements acting on the azimuthal coordinate (for example, a Dove's prism can introduce an OAMdependent phase shift) or by exploiting the radial beam coordinate, which couples with OAM in free propagation and can be acted on by a radially patterned optical element. On the other hand, our approach allows very convenient and easy control of the evolution operator at each step, including the possibility of fully automated fast switching of its properties by introducing electro-optical devices to manipulate the polarization or by electrically controlling the QP tuning. This may enable, for example, the simulation of a quantum system having a time-dependent Hamiltonian or that of a statistical ensemble of quantum systems with different Hamiltonians. Another potential advantage of the present implementation is the possibility to carry out a full quantum tomography of the outgoing state, which is very challenging for standard interferometric implementations. Finally, we must mention the important limitation of our platform, common to all fully photonic QW implementations, of not being able to simulate particle interactions. A possible future strategy to overcome this limitation might be based on ideas similar to those proposed by Knill et al. for doing quantum computation with linear optics (41, 42) .
SUPPLEMENTARY MATERIALS
Supplementary material for this article is available at http://advances.sciencemag.org/cgi/content/ full/1/2/e1500087/DC1 Fig. S1 . Band structure of the QW system. Fig. S2 . Holograms for the preparation of the OAM initial state before the QW process. Fig. S3 . Supplementary data for the four-step quantum walk for a single photon, with various input polarization states. OAM distribution associated to some of these cases (summed over different polarizations). Panels refer to k 0 = 0, p/4, p/2, 3p/4, p, respectively. (H) OAM distribution after a five-step QW for a wavepacket whose coin is prepared in the superposition state (|f 1 (0)〉 + |f 2 (0)〉)/ ffiffi ffi 2 p . As predicted by the theory, it splits into two components propagating in opposite directions, thus generating a maximally entangled SAM-OAM state. In (C) to (H), Poissonian statistical uncertainties at ±1 SD are shown by error bars. The similarities between experimental and theoretical OAM distributions are 98.9 ± 0.2%, 96.2 ± 0.4%, 98.4 ± 0.3%, 93.2 ± 0.6%, 99.1 ± 0.2%, and 97.3 ± 0.4%, respectively. Table S1 . Power coefficients of the various p-index terms appearing in the expansion of the beam emerging from a QP (with q = 1/2) in the LG mode basis, assuming that the input is an L-polarized LG mode with p = 0 and the given OAM m value. , (E), and (F) refer, respectively, to experimental data, indistinguishable photon theory, and distinguishable photon theory, as in the previous case. The QW step in these two-photon experiments is implemented with a QP and a QWP. Again, our experiment is in good agreement with the theory based on indistinguishable photons, proving that two-photon interferences are successfully implemented in our experiment. The similarities between experimental and predicted quantum distributions (IPT model) are 98.2 ± 0.4% and 95.8 ± 0.3% for the standard and the hybrid walk, respectively. The similarities with the DPT model are, instead, 96.4 and 91.8%, respectively. The color scale (common to all panels referring to the same case) reflects the vertical scale, to help compare the patterns.
